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Abstract. We provided two explicit formulas for the intersection cohomology (as a graded vector 
space with pairing) of the symplectic quotient by a circle in terms of the S 1 equivariant cohomology 
of the original symplectic manifold and the fixed point data. The key idea is the construction of a 
small resolution of the symplectic quotient. 



1. Introduction 

Let a compact Lie group act effectively on a compact connected symplectic manifold M with a 
moment map : M — » q* . In the case that is a regular value of the moment map, the symplectic 
quotient M red := ^(O^G is an orbifold, and its rational cohomology ring is fairly well understood 
[ Ki^ , [W| |Wu|, [GK], |JK], fTvv |. 



However, many interesting spaces arise as reduced spaces at singular values of the moment map. 
Some examples include: the moduli space of flat connections, some polygon spaces, many physical 
systems, and projective toric varieties whose polytopes are not simple. Since the symplectic quotient 
at a singular value is a stratified space |SL| , a natural invariant to compute is the intersection 
cohomology (with middle perversity). Less is known in this case. Kirwan has provided formulas 



to compute the Betti numbers in the algebraic case ||Ki2|, KiSj; Woolf extended this work to the 



symplectic case. Moreover, Jeffrey and Kirwan computed the pairing in the intersection cohomology 



of particular symplectic quotients [ Ki4 | 



The main result of this paper is two explicit formulas for the intersection cohomology (as a graded 
vector space with pairing) of the symplectic quotient by a circle in terms of the S 1 equivariant 
cohomology of the original symplectic manifold and the fixed point data. More precisely, these 
formulas depend on the image of the restriction map in equivariant cohomology H^ 1 (M;M.) — > 

Hg! (M sl ; R) from the original manifold to the fixed point set. 

Theorem 1. Let the circle S 1 act on a compact connected symplectic manifold M with moment 
map <3? : M — > R so that is in the interior of $(M). Let M re d := $ _1 (0)/5 1 denote the reduced 
space. 

Then there exists a surjective map k from the equivariant cohomology ring Hg 1 (M;M.) to the 
intersection cohomology IH*(M re( i;M.). Moreover, given any equivariant cohomology class a and f3 
in H'^^M), the pairing of k{o) and n{f3) in IH*(M re( j) is given by the formula 

f1^ + Jf eF 

Here, eF denotes the equivariant Euler class of the normal bundle of F , and J- + denotes the set of 
components F of the fixed point set S 1 such that either 
1. $(F) > or 
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2. = and indexF < ±(dimM - dimF), 

where the index of F is the dimension of the negative eigenspace of the Hessian of the moment map 
<3? at a point of F. 

The meaning of the right hand side is as follows. The map i* F is simply the restriction to F. The 
equivariant cohomology ring H%! (F) is naturally isomorphic to the polynomial ring in one variable 

H*(F)[t]. The equivariant Euler class is invertible in the localized ring H*(F)(t); thus, % * F ^ is 
an element of this ring. The integral j F : H*(F)(t) — > M(t) acts by integrating each coefficient in 
the series. Finally, Reso denotes the operator which returns the coefficient of t -1 . 

Remark 1.1. Our convention is that the pairing in intersection cohomology between two classes 
a G IH p (M Ted ) and /3 G IH q (M red ) is zero if p + q ^ dim(M red ). 

Note that since k is surjective, this theorem determines the pairing for all pairs of elements in 
IH*(M Tcd ). Additionally, by Poincare duality in intersection cohomology, it determines the kernel 
of n. 

We now provide an alternative version of our main result: 

Theorem 1'. Let the circle S 1 act on a compact connected symplectic manifold M with moment 
map $ : M -> M so that is in the interior of <I>(M). Let M re d := < I> _1 (0)/5 1 denote the reduced 
space. 

Then there exists a ring structure on the intersection cohomology IH*(M re( };M) so that 

• The ring structure on LH*(M re d) is compatible with the pairing, in the sense that their exists an 
isomorphism J from the top dimensional intersection cohomology to R so that J a- (3 = (a,f3). 

• As a graded ring, IH*(M;M.) is isomorphic to H^ 1 (M;M)/K , where 

K := {a G H* sl (M) \ a\ F = V F G F + } {a G ff|i(M) \ a\ F = V F G J 7 '}. 

Here, J- + denotes the set of components F of the fixed point set M sl such that either 

1. > or 

2. = and indexF < i(dimM - dimF), 

where the index of F is the dimension of the negative eigenspace of the Hessian of the moment map 
<3? at a point of F. Additionally, T~ denotes the set of all other components of the fixed point set. 

In principle, these two formulas for the intersection cohomology give almost exactly the same 
information. We include both, because, in practice, one or the other might be better suited to 
tackle a particular problem. 

We prove these two theorems simultaneously. First, we construct an orbifold M rec j, which we 
call the perturbed quotient, The perturbed quotient is a small resolution of the symplectic 
quotient; thus, as a graded vector space with pairing, LH*(<fr~ 1 (0)/S 1 ) is isomorphic to H*(M Te< ±). 
Moreover, even though the perturbed quotient is not symplectic, it is constructed in such a way 
that the standard techniques for computing the cohomology ring of a symplectic quotient can be 
applied to it, yielding the above formulae. 

The construction of the perturbed quotient is fairly straightforward. The singularities of the 
reduced space M Icd := $ _1 (0)/S' 1 correspond to components Y of the fixed point set M s lying 
on the zero level set $ _1 (0). In the setting projective varieties, it is known that the neighborhoods 
of these singularities have small resolutions Q.Q Although these resolutions are only local, it is 
possible to piece them together into a global resolution. 

1 It is claimed in ]h|] that the resolutions are global, which need not be the case; see H2|, 
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We construct the perturbed quotient as the quotient of a fiber of a perturbation <]? : M — > R 
of the original moment map. Since this perturbed moment map is Bott-Morse, and since its 
critical points are exactly the fixed points of the action of S 1 on M, the standard techniques used 
to compute the cohomology of symplectic quotients can also be applied to compute the cohomology 
of the perturbed quotient. 

Finally, we construct a pairing preserving isomorphism between the intersection cohohomology 
of the symplectic quotient and the cohomology of the perturbed quotient. In the algebraic case, 
this follows immediately from the fact that the perturbed quotient is a small resolution of the 
symplectic quotient (see §6.2 in |GM| ]). However, while it "appears to be clear that this theorem 
will also be valid in our case", we have decided to provide a direct proof. 

Acknowledgments. The work in this paper was inspired by the lectures of Francis Kirwan at 
the Newton institute in the Fall of 1994. 

We thank Reyer Sjamaar for many helpful discussion. In particular the idea that for S 1 quotients 
the intersection cohomology should be very simple to compute is due to him. We thank Sam Evens 
for a number of useful discussions. 

2. Simple stratified spaces and intersection cohomology 

In this section, we introduce the two main concepts that we will need in this paper: simple 
stratified spaces and intersection cohomology. The notion of a simple stratified space is not stan- 
dard; it is, however, convenient for our purposes. The definition of intersection cohomology we 
use is essentially identical to the definition of the complex of intersection differential forms due to 
Goresky and MacPherson (see |B|]), except that we allow the strata to be orbifolds, and that we 
only consider simple stratified spaces. 

Recall that an open cone on a topological space L is 

°c(L) :=Lx [0,1)/ ~, 
where (x,0) ~ (x',0) for all x,x' G L. Equivalently c(L) = L X [0, oo)/ ~. 

Definition 2.1. A simple stratified space is a Hausdorff topological space A with the following 
properties: 

• The space A is a disjoint (set-theoretic) union of orbifolds, called strata. 

• There exists an open dense oriented stratum X r , called the top stratum. 

• The complement of X r in A is a disjoint union of connected orbifolds, A \ X r = ]J Yj, called 
the singular strata. 

• For each singular stratum Y there is a neighborhood T of Y in A and a map it : T — ► Y 
which is a C° fiber bundle with a typical fiber c(L) for some orbifold L, which depends on Y. 
(Thus Y embeds into T as the vertex section.) 

• Their exists a diffeomorphism from the complement T \ Y to Q x (0, 1), where Q — ► Y is a 
C°° fiber bundle with typical fiber L, such that the following diagram commutes: 

T\ Y ► Qt x (0,1) 

IT 

Y = Y. 

In particular 7r:T\Y^Yisa smooth fiber bundle with a typical fiber L x (0, 1). 
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Thus a simple stratified space X is a decomposition X = X r U ]J Y{ and a collection of maps 
\-i :T; ■))}, 

Remark 2.2. Note that the composite f \ Y -> Q x (0, 1) -> (0, 1), where Q x (0, 1) -> (0, 1) is 
the obvious projection, extends to a continuous map r : T — ► [0, 1). In the definition of intersection 
cohomology of X it will be convenient for us to consider smaller tubular neighborhoods T defined 
by 

r = r- 1 ([0,l/2)). 

Definition 2.3 (Cartan filtration of forms relative to a submersion). Let ir : E — ► B be a smooth 
submersion of orbifolds. The Cartan filtration ¥^fl*(E) of the complex of forms £l*(E) on E is 
given by 

FkCl*(E) = {to G | for all e € Sand for all vectors £o> ■ ■ ■ >£fc £ kerd-7r e 

i(&)o---°i(C*)(w(e)) = 
and i(£ ) o • • • o i(£ fc )(«L;(e)) = 0}. 

By convention, i(Co) o • • • o i(£fc)(<r) = if degcr < fe. Note that Fofi*(2£) consists of basic forms. 

Let X = X r U\jYi be a simple stratified space. A perversity p : {Yi} — > N is a function that 
assigns a nonnegative integer to each singular stratum Yi. The middle perversity m is defined 
by 

fh(Yi) = L^(dimX r - dimYi)J - 1. 

Definition 2.4. Let (X = X r LiY[Yi, {in : Tj — > Yi}) be a simple stratified space and let p : {1^} — > 
N be a perversity. The complex of intersection differential forms IQp(X) is a sub-complex of 
the complex of differential forms on the top stratum: 

m* p (X) := {u G Q*(X r ) I Lo\ TinX r G F p - (yi) fi*(T, PI 

where the filtration Fp(Y i )Q*(TiPiX r ) is defined relative to the submersion 7Tj : TiDX r = Tj\li — > Y^. 
The coboundary map is the exterior differentiation d 

The intersection cohomology IHp(X) of the simple stratified space X with perversity p is 
the cohomology of the complex (IClp(X) , d) . 

Remark 2.5. If the strata of a simple stratified space X are manifolds, then X is a pseudomanifold. 
In this case our definition of intersection forms is exactly the Goresky-MacPherson definition of the 
complex of differential forms and our definition of intersection cohomology agrees with the standard 
definition (see § 1.2 in H). 

We now define the pairing on the middle perversity intersection cohomology of a compact simple 
stratified space X with an oriented top stratum. 

Note that if q > dim(li) + p(Yi), then every a G Iflp(X) vanishes on T{. In particular, if 
d\mX r > dimli +p(Yi) for all singular strata Yi then every a G Iftp imXr (X) is supported on 
the compact set X \ IjTj. Therefore, if the top stratum X r is oriented, there is a well-defined 
integration map J : IVtp imXr (X) — > R, a i— > f Xr (X- Similarly, if dimX r — 1 > dimYJ + p(l^) 

for all z, then any /3 G If2p imX is also supported in X \ UT,. Thus, integration descends 

to a well-defined map on cohomology f : IHp imXT (X) — > R; we extend this by zero to a map 
/ : ///pi.Y; -» R. 
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Given a and (3 in IQ^ n {X), notice that aA/3 G IQzmiX), where 2m is twice the middle perversity. 
This follows from the property of the Cartan filtration: for any a G F^il*(i?) and j3 G ¥i^l*(E), 
a A (3 G ¥k+i^l*(E). Moreover, 2rn(Yi) < dimX r — dimYj — 2 for all singular strata Yi. Thus, 
there is a well-defined bilinear pairing IH^(X) x IH!L(X) — > R which sends [a] G IH^(X) and 
[/?] G IH!L(X) to the integral J^ r a A (3. 

3. The structure of the symplectic quotient 

In this section, we recall a normal form for the neighborhoods of fixed points on symplectic 
manifolds with Hamiltonian circle actions. Using this, we give a normal form for the neighborhoods 
of the singularities in a symplectic quotient. In particular, we show that the quotient is a simple 
stratified space. 



This last statement is a special case of a theorem of Sjaamar and Lerman |SL], who show that 
every symplectic quotient by a compact Lie group is a stratified space. Note, however, that in 
HSLfl the stratification is by orbit type, whereas here we use the slightly coarser stratification by 
infinitesimal orbit type. 

Let a circle act on a symplectic manifold M in a Hamiltonian fashion with a moment map $ : 
M — > R. Recall that the symplectic quotient (a.k.a. the reduced space) is M re d := $ _1 (0)/5 1 . 
If is a regular value for then the quotient is a symplectic orbifold. More generally, $ is regular 
on M \ M s \ and M r r ed := (ai _1 (0) n ( M \ M sl j\ / S l is an orbifold; this is the top stratum. 

Moreover, since the restriction of the symplectic form on M to $ _1 (0) D (M x M sl ) descends to a 
symplectic form on M r r ed , M r r ed is naturally oriented. 

cl 

Recall that the moment map is constant on each component of the fixed point set M , and that 
these components are isolated. Thus, every component Y of the fixed point set which intersects the 
zero level set is entirely contained in the level set, and gives rise to a stratum of M re( j diffeomorphic 
to Y. To see how these strata fit together, we need the following lemma. 

Lemma 3.1. Let S 1 act on a symplectic manifold (M,u) in a Hamiltonian fashion with a moment 
map $ : M — > M. Every connected component Y of the fixed point set M s has even codimension, 
say 2n. Moreover, there exists 

• positive integers n\, . . . ,rik such that n« = n, 

• a principal G := Y\ U{rii) C U(n) bundle P over Y, and 

• distinct non-zero weights Ki, . . . ,Kk, 
such that: 

• there is a diffeomorphism a from a neighborhood U of Y in M to a neighborhood Uq of the 
zero section in the associated bundle P Xq C n — > Y ; 

• this diffeomorphism is equivariant with respect to the circle action on P Xq C n defined by the 
weights Ki; 

• the diffeomorphism pulls back the moment map $ to the map fi : P x q C n — ► R given below, 
i.e., $ o a = fJ,, where 

»([ q ,(zx,... ,4)]) = ^ J>i|^l 2 + <*Kn v(4,-.. ,4) GC ni e---eO = c n . 

Proof. Consider the symplectic perpendicular bundle E = TY U of Y in (M, uj). Since Y is a 
symplectic submanifold of M we have TM\y = TY © TY U . So E is the normal bundle of Y, 
and E is a symplectic vector bundle. The group S 1 acts on the bundle E by fiber-preserving 
vector bundle maps. We may choose an S 1 invariant complex structure on E compatible with the 
symplectic structure. Up to an equivariant homotopy, this complex structure is unique. 
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A fiber C n of E splits into the direct sum of isotypical representations of S , C n = C ni © • • • C nk , 
so that the action of A G S 1 on C n * is given by multiplication by X Ki for some weight m G Z. Under 
the above identification of the fiber of E with C n the symplectic structure is the imaginary part of 
the standard Hermitian inner product. Hence a moment map for the S 1 action on the fiber is 



The structure group of the vector bundle E reduces to the subgroup of U{n) consisting of 
transformations that commute with the action of S l described above, that is, it reduces to G := 
Y\ U(rii) C U(n). Consequently E = P xq C n for some principal G bundle P over Y . 



The equivariant symplectic embedding theorem (see, for example, Theorem 2.2.1 in | GLS | and 
the subsequent discussion) implies that we may identify the neighborhood of the submanifold Y in 
M with a neighborhood of the zero section of E in such a way that a moment map [i : E — > R is 
given by 

/i([p, (zi,... ,z k )]) = ^"^2 Ki\zi\ 2 + a constant 
for all ([p, (z u ... ,z k )]eP x G (C ni © • • • © C nfe ). □ 



Remark 3.2. Let V + and U~ be the the sum of the positive and negative weight spaces, re- 
spectively. That is, we may assume that the corresponding weights satisfy k\,...k s > and 
k s+ i, ... , Kfc < 0, and set 

s k 

v+ = 0c n % v- = C™\ 

i=l i=s+l 

We then have linear representations of G on V + and U - so that E splits: E = E + © E~ where 
E ± = P x g ■ By Lemma |3.1|, the index of the moment map $ : M — > R at 1" is dim V . 



We now use Lemma above to show that the reduced space M re d is a simple stratified space. 

Proposition 3.3. Let the circle S 1 act effectively on a compact connected symplectic manifold M 
in a Hamiltonian fashion with a moment map $ : M — > R. Assume that is in the interior of the 
image of the moment map. The reduced space M rec i = $ _1 (0)/5 1 is a simple stratified space. The 
singular strata of M ra i are connected components Y of the fixed point set M sl with Q(Y) = 0. For 
each such stratum there exists: 

• a faithful unitary representation p : S 1 — > U(p) x U(q), where p and q are positive integers 
whose sum is the codimension of Y ; and 

• a principal G bundle P — > Y, where G is a subgroup of U(p) x U{q) which commutes with 
p{S l ); ' 

so that a neighborhood T ofY in M is the associated cone bundle P xq c(S 2p ^ 1 x s i S 211 ^ 1 ). 



Remark 3.4. By "a neighborhood T of Y in M re d is the associated cone bundle P Xgc(S 2p 1 x s i 
we mean that there exists a stratum-preserving homeomorphism from a neighborhood T 
of Y in M rec i to the associated bundle P xqc(S 2p ~ 1 x s i S 2 ' 1 " 1 ), which restricts to a diffeomorphism 
on each stratum. The stratification of P xqc{S 2p ~ 1 x s i S 2q ~ 1 ) comes from the stratification of the 
cone c(S' 2p ~ 1 x 51 S 2 ' 1 " 1 ) into the vertex and the complement of the vertex. 
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Proof. Let Y be a component of the fixed point set with <&(Y) = 0. We use the the notation of 



Lemma p. 1 and Remark 3.2 



By Lemma 3.1 the zero level set $ -1 (0) near Y is isomorphic to 

I [q, (<?i,... ,z k )\ ^Ki\zi\ 2 = ^2 Ki\zi\ 2 \ ~ P x G c(S + x S~), 
I i=l i=s+l ) 

where 5 + = {z € V + \ Yli=i K i\zi\ 2 = 1}, and S~ is defined similarly. Therefore the reduced space 
^(Oj/S 1 near the stratum Y is Px G c(S + X s iS~) where the action of S 1 on S + x S~ C V + x V~ 
is defined by the weights Ki, . . . K}~. 

4. The perturbed quotient 

In this section we will construct an orbifold M rec j, which we call the perturbed quotient, 
together with a map / : M re( j — > M rec j. The perturbed quotient has two key properties: it is 
straightforward to explicitly compute its cohomology ring; and / induces a pairing preserving iso- 
morphism between the cohomology ring of the perturbed quotient and the intersection cohomology 
(middle perversity) of the reduced space. While we do explain what / looks like locally in this 
section, we defer showing that / induces an isomorphism in cohomology to the last section. 

The key idea. The key idea that makes this work is an observation due to Yi Hu (this observation 
was made in the context of algebraic actions on projective varieties Q): If is a singular value 
of an S 1 moment map <3? : M —> W and lies in the interior of the image $(M) then for each 
component Y of the fixed point set M s with $(Y) = there exists a regular value e £ K of $ and 
a neighborhood U of Y in M so that there is a natural isomorphism 

IH^ ((^(o) n U)/S l ) ~ H* (($- x (e) n U)/S l ) . 



Lemma 4.1. We use the notation of Lemma \3. 1[ Remark and Proposition 3.5. Fix a compo- 
nent Y of the fixed point set. Consider the associated bundle P x G (V + x V~), together with the 
moment map 

/U([p, Z + , Z~]) = \z + \ 2 - \z~\ 2 , 

where z + = Ya=i *i 6 V + ,z~ = Ya= s+ i *i € v ~ '> \ z+ ? = Ya=i «i|^| 2 > and \z~\ 2 = J2i= s +i «t|^| 2 - 
For any e > 0, ±e are regular values of fj, and 

l-r 1 (±e)/S 1 =Px G X ± 

where 

X + ~ S + x s i V~ , a V~ bundle over the weighted projective space S + / S 1 . 

X~ ~ V + x s i S~ , a V + bundle over the weighted projective space S~ / S 1 . 
Here as in Proposition \3.S\ , S' ± is the unit sphere in V^, S := {z 6 \ \z \ 2 = 1}, and the S 1 
action on V + © V~ is given by the weights k%, . . . , 

Proof. Note first that the only fixed point in V + x V~ under the S 1 action is (0,0), and that 
fj,(0, 0) = 0. Therefore any a ^ is a regular value of /U. Next assume that Y is a point; in 
this case P x G (V + x V~) is simply V + x V~ . Then /i _1 (e) = {(z + ,z~) \ \z + \ 2 - \z~\ 2 = e] = 
{(z+,z-) I \z+\ 2 = \z-\ 2 + e}. If e > 0, we have an S^-equivariant diffeomorphism S + x V — > 
M -1 (e) given by ((,w) | — ► (y/ e + M 2 C w )- Therefore fi~ 1 (e)/S 1 = S + x s i V~ for e > 0. Since the 
norm \(z + , z~)\ 2 = \z + \ 2 + \z~\ 2 is Gx S^-invariant by construction (see Lemma 3A and Remark 3.2 ) 



the claim follows. □ 
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Observe that S + x^i S is the sphere bundle of the vector bundle X + = S + Xgi V over the 
weighted projective space S + /S 1 . Therefore, by collapsing the zero section of the bundle X + — > 
S + / S 1 to a point we obtain a map from X + to the cone c(S + x 51 S~), which is a diffeomorphism 
off the zero section onto the cone minus the vertex. 

We will see later on that if dimU + < dim V~, then 

IHU^W/S 1 ) = IHUP x G °c(S + x 51 ST)) ~ H*(P x G X+) = H* (fj,' 1 (e) / S 1 ) 

for any e > 0. Similarly, if diml/ + > dimV~ then 

IHU^\0)/S 1 )^H*^- 1 (e)/S 1 ) for any e < 0. 

In the algebraic category, these isomorphisms follow from the fact that the collapsing map is a 
small resolution, and a fact that small resolutions induce isomorphisms in cohomology. This 
isomorphism is also valid in the symplectic context, as we prove in the next section. 

Note that dim V + < dim V~ if and only if the index of Y as a critical manifold of the Bott-Morse 
function <I> is at most ^(dimM — dimY). Unfortunately we cannot expect such inequalities to hold 
globally, that is, if is a singular value of the moment map 3> : M — > R we should not expect 
I H^{§ (0) / S 1 ) = H*(Q~ 1 (e)/S 1 ) for some e / 0: it may well happen that at one component Y 
we would need to shift the value of the moment map down and at another component to shift the 
value up in order to obtain a resolution of the singularities of the reduced space at zero. 

4.1. The Construction. Let the circle S 1 act effectively on a compact connected symplectic 
manifold M with a moment map $ : M —* R so that is in the interior of the image <&(M). We 
will now construct a Morse-Bott function $ : M — > R and an S 1 equivariant map / : $ _1 (0)/S' 1 — > 
$~ (0)/S with the following properties. 

• The critical points of <!> are exactly the fixed points of S 1 on M. 

• is a regular value of <3?. 

• The map / : <& _1 (0)/S' 1 — > <I )_1 (0)/S' 1 induces an isomorphism in cohomology JiJi r ( ( I )_1 (0)/5 1 ) 

ff (s-^ovs 1 ). 

Definition 4.2. We call the subquotient M rec j := $ _1 (0)/S' 1 the perturbed quotient. 

The first two properties guarantee that M re & is an orbifold, and that it is possible to compute 
the cohomology ring iJ*(M re( j) in a fairly straightforward manner. This will be treated explicitly 
in the next subsection. As we mentioned earlier, the last property will not be proved in this 



section. However, we will prove Lemma 4.6, which we will later see is sufficient to construct this 
isomorphism. 

For each critical manifold Y of $ in <I> _1 (0), there is a neighborhood Ui of Y{ in M which is 
equivariantly isomorphic to the model 

Pi x Gl (V+ x V-) 

where the principal bundle Gi — > P{ — > Yi and the vector spaces V^, V~ are as in the preceding 
section. We may assume that the U^s for distinct critical manifolds do not intersect. There exists 
5 > so that is the only critical value of $ in (—5, 5) and Ui is the image of the set 

PiXGt ({(zt,z-)\\zt\ 2 + \zr\ 2 <35}. 

Therefore, we will simply give our construction on the vector space V + x V~ . As long as our 
definition of $ and / are G-invariant, these construction can be naturally extended to the local 
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model. Additionally, as long as <E> = $ and / is the identity outside the set {{zf , z~[) j K + | 2 + K r | 2 < 
3(5}, they can be extended globally by taking <I> = and / = id on M \ UtTj. 

Choose a smooth function p : R — > R such that = 1 for all i < 5, = for all t > 25 
and p'(t) < for all t. Let C = sup \p'(t)\, and choose e £ R so that e / 0, |e| < C -1 and |e| < 5. 
Moreover, choose e so that e > if and only if diml/ + < dimy~. We now define our new function 
!> : 

:= $(z+,z-) + ep(\(z + ,z-)\ 2 ) = \z+\ 2 - \z~\ 2 + ep(\(z + , Z -)\ 2 ). 

The norm 

\(z+,z-)\ 2 = \z+\ 2 + \z-\ 2 
is Gx S^-invariant by construction (see Lemma 3.1, Proposition |3.3| and the subsequent discussion). 
Therefore the function p(\{z + , z~)| 2 ), and hence also the function is G x S 1 invariant. Moreover, 
for (z + ,z~) with \(z + ,z~)\ 2 > 25, &(z + ,z~) = \z + \ 2 - \z~\ 2 . Therefore 

Ir^o) n {|(z+,z-)| 2 > 25} = *- x (o) n {|(z+,z-)| 2 > 25}. 

In contrast, for (z + ,z~) with |(^ + , ^~)| 2 < 5, <&(z + ,z~) = \z + \ 2 - \z~\ 2 + e. Thus (0,0) is a 
nondegenerate critical point, and 

i-^o) n {|(*+, z-)| 2 < 5} = *-!(-€) n {|(z + , z-)| 2 < 5}. 

(Note that |e| < 5 guarantees that $ _1 (-e) n {\{z + , z~)\ 2 < 5} / 0.) Moreover, (0,0) is the only 
critical point of because 

d$ = d|z+| 2 - d\z~\ 2 + edp(|(z+,z-)| 2 ) 

= (1 + ep'(\(z+, z-)\ 2 )) d\z+\ 2 - (1 - ep'(|(*+, z-)\ 2 )) d\z~\ 2 

and |1 ± ep'\ > 1 — |e|(sup |p'(i)|) > 0, since |e|(sup |p'(t)|) < 1 by the choice of e. It follows that $ 
is a Bott-Morse function, and that is a regular value of (since $(0, 0) = e ^ 0). 

Definition 4.3. Let X = X r U ]J be a simple stratified space. A resolution h : X — » X 

is a continuous surjective map from a smooth orbifold X such that /i~ 1 (A Ar ) is dense in X and 
h : f~ 1 (X' r ) — » X r is a diffeomorphism. 

We will now construct a resolution / : M re( j — > M re( j. We start by considering a Gx S 1 -equivariant 
map ip : V + x F~ — » <I> _1 (0) defined by 

/U-|2\l/4 /u +|2\l/4 

(4.4) r ^ '~ ; ~ V VR + I 2 J ~ ' VI* 

^(0,z-) = V(^ + ,0) = (0,0). 



^+0 = ((t3^H ^ + ,(^) O if ^ + ,^^0 



We let / : M re( j — ► M re( j be G-equivariant map induced by the restriction V'lf-im) • ^ X (0) ~~ ^ 

To prove that / is a resolution, it is enough to show that V'l*-i(o)\^-i(o o) : ^ (0) \ ^ 1 (0 5 0) — * 
$ -1 (°) \ {(0)0)} is a diffeomorphism. It follows from (|J) that for (0,0) ^ (z + ,z-) G $ -1 ( )i 
(4.5) V> _1 (^ + , O = {(A^ + , A _1 z~) | A > 0}. 

Consequently ^|$-i(ow.0-i(o o) : ^ X (0) \ V _1 (0, 0) — > <I> _1 (0) \ {(0,0)} is one-to-one and onto. 
Therefore it remains to prove that ^V'It(I>- 1 (o)\i/'- 1 (o o) * s one-to-one, or, equivalently, that for any 
(z + ,z~) € $ _1 (0) \ V> -1 (0,0) 

= kerciV n T ( ^ z + z - ) ^~ l {Q) = ker dip n ker d§. 
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By ( |4.5| ), the kernel of dtp at (z + , z~) is spanned by the vector ^| A _ 1 (Xz + , \~ 1 z~). Thus it remains 
to show that for any (z + ,z~) € 3> _1 (0) \ ^ -1 (0, 0) we have 

d 

dX 

Now 
d 



$(A* + ,A -i * _ ) ^ 0. 

A=l 



dX 



(|A Z +| 2 _ lA- 1 ^! 2 + ep(|(Az+| 2 + lA- 1 ^! 2 )) = 

A=l 

(2A|z + | 2 + 2A- 3 |z-| 2 + ep'(\(Xz + \ 2 + |A- 1 ^| 2 )(2A|z+| 2 - 2A~V| 2 )) | A=1 = 

2{\z + \ 2 + \z-\ 2 ) + 2ep'(\z + \ 2 + \z-\ 2 )(\z + \ 2 -\z-\ 2 ). 

For (z + ,z~~) G <f> _1 ( )> we have \z + \ 2 - \z~\ 2 = -ep(\(z + , z~)\). Since p'(t) < for all t, 
-e 2 p(t)p'(t) > for all t. Moreover, (z + ,z~) + (0,0). Hence 



d_ 

dX 



$(Az+,A" 1 z-) = 

A=l 

2 (|z+| 2 + \z'\ 2 ) - 2ep'(\z + \ 2 + \z-\ 2 )ep{\z + \ 2 + \z~\ 2 ) > 2 {\z+\ 2 + \ Z -\ 2 ) > 0. 
Thus, we have proved the following. 

Lemma 4.6. Let a circle S 1 act on a symplectic manifold M with a moment map : M — » R so 
i/iat is in i/ie interior of the image <E>(M). Le£ <S : M — ► M and f : M red = l> _1 (0)/5 1 — ► M red = 
$ _1 (0)/5' 1 be constructed as above. 

Then f is a resolution. Moreover, for each singular stratum Y of M re <i there exist: 

• an even dimensional orbifold vector bundle E — > N over a compact orbifold N with a sphere 
bundle L — > N such that 

dim N < — dim E — 1 , 
~ 2 

• a principal G bundle P — > Y 

• an action of G on E by vector bundle maps 

• an isomorphism from a neighborhood of the vertex section of the cone bundle P xg c(L) — > Y 
to a neighborhood U ofYin M re &, 

• an isomorphism from a neighborhood of the zero section of the vector bundle Px G E — > PxqN 
to the neighborhood / _1 (?7) of f~ l (Y) in M re d such that the diagram 



Px G E < f-\U) ► M. 



h 



red 



f 



Px G c{L) < U ► M red 

commutes. Here the map h is induced by the natural blow-down map E — > c(L) taking the 
zero section to the vertex. 

Notice that there is no reason to suspect that the perturbed quotient possesses a symplectic 
structure. 

Remark 4.7. Morally, the above Lemma should be read as a claim that / : M rec j — > M rec j is a 
small resolution (cf. §6.2 of |]GM| ). 
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4.2. Computation of the cohomology of the perturbed quotient. We can now compute 
the cohomology of the perturbed quotient by adapting techniques used to compute the cohomology 
ring of a symplectic quotient at a regular value. 

We begin by reviewing those techniques. Let a circle S 1 act on a compact connected symplectic 
manifold M with a moment map Assume that is a regular value. There is a natural restriction 
from (M; R), the equivariant cohomology of M, to H%! (0); M)), the equivariant cohomology 
of the preimage of 0. Since is a regular value, the stabilizer of every point in <i> _1 (0) is discrete. 
Therefore, there is a natural isomorphism from ff^ 1 ($ _1 (0),R) to the H*(M re( ^), the ordinary 
cohomology of the symplectic quotient M re( j : <!> _1 (0)/<S' 1 . The composition of these two maps gives 
a natural map, k : H^ 1 (M) — » H*(M ie &), called the Kirwan map. 

Theorem 4.8. (Kirwan, [K]) Let a circle S 1 act on a compact connected symplectic manifold M 
with a moment map $ so that is a regular value. The Kirwan map k : H% 1 (M; R) — ► H*(M re< i] R) 
is surjective. 

Thus, assuming we know the ring structure on M, the ring structure on M re d can be computed 
from the kernel of k. By Poincare duality, to compute the kernel it is enough to compute the 
integral of n{a) over the reduced spaces for every equivariant cohomology class a on M. We take 



one formula for this integral from Kalkman [Ka|; slightly different but morally equivalant formulas 



were proved by Wu | Wu | and a more general version by Jeffrey-Kirwan |JK| . See also [ |GK| , All of 



these results were inspired by a paper of Witten [ Wi | . 



Theorem 4.9. Let a circle S 1 act on a compact connected symplectic manifold M with a moment 
map $ so that is a regular value. Let F + denote the set of components F of the fixed point set 
M sl such that <f>(F) > 0. 

Given an equivariant cohomology class a € H* 1 (M), the integral of n(a) over M re ^ is given by 
the formula 

ip(a) 



f 

J A 



k(o) = Reso 2 / 



M red Fer+ JF e-F 

where denotes the equivariant Euler class of the normal bundle of F. 

The right hand side of this formula requires some explanation. The map i* F is simply the 
restriction to F. The equivariant cohomology ring HZi^F), is naturally isomorphic to H*(F)[t]. 

The equivariant Euler class is invertable in the localized ring H*(F)(t); thus, is an element 
of this ring. The integral f F : H*(F)(t) — > R(t) acts by integrating each coefficient in the series. 
Finally, Reso denotes the operator which returns the coefficient of t . 

An alternative way of computing the kernel is given by a theorem of Tolman and Weitsman. 



Theorem 4.10 (Tolman- Weitsman, [ TWfl ). Let the circle S 1 act on a compact connected symplec- 



tic manifold M with a moment map & : M — > R so that is a regular value. 

Let J- + denote the set of components F of the fixed point set such that $(F) > 0; let T~ denote 
the set of components F of the fixed point set such that <&(F) < 0. Define 

K± := {a G H* SX (M) \ a\ F = V F G 

The kernel of the Kirwan map is K + © K_ . 



In our case, closely analogous propositions are true. 
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Proposition 4.11. Let the circle S 1 act on a compact connected symplectic manifold 2n dimen- 
sional manifold M with a moment map <I> : M —* R. Assume that is in the interior of$(M). Let 
M re( i denote the perturbed quotient. 

Then there is a surjective ring homomorphism n : HZi{M) — > H*(M re d). Moreover, 

• The kernel of k is K + ® K_, where K± := {a £ H* sl (M) | a\ F = V F € J^}. 

• Given an equivariant cohomology class a £ H% 1 (M), the integral of n(a) over M re( i is given 
by the formula 

i* F {a) 



J 

JM 



n(a) = Reso 2 / 



where e F denotes the equivariant Euler class of the normal bundle of F. 

Here, et J- + denotes the set of components F of the fixed point set M s such that either 

1. <S>(F) > or 

2. = and 2 index F + dimF < dimM. 

Additionally, T~ denotes all other components of the fixed point set, T~ = T \ J- + . 

The reason that this proposition is true is that the perturbed quotient M re( i is defined in a way 
very similar to the ordinary reduced space. 

Thus, for example, Kalkman's formula follows immediately from the fact that there exists a 
smooth invariant function $ : M — > R so that is regular and M T ed 1S defined to be $ -1 (0)/5 1 . 
His proof relies only on the fact that $ _1 ([0, oo)) is a manifold with boundary. Thus, one only 
need note that J- + does indeed correspond to the components F of the fixed point set such that 
$(F) > 0. 

To see that Kirwan's surjectivity holds, and the Tolman-Weitsman formula for the kernel of k, 
we must also use the fact that $ is a Morse-Bott function and that its critical points are exactly the 



fixed points of the action. This is sufficient to prove both theorems, as was pointed out in [TW]. 



5. The isomorphism 

The goal of this section is to prove that the intersection cohomology of the symplectic quotient by 
a Hamiltonian circle actoin is isomorphic to the (ordinary) cohomology of the perturbed quotient. 



Because we have already computed the cohomology of the perturbed quotient in Proposition [4.11 
this will allow to obtain the description of the intersection cohomology of the symplectic quotient, 
and thus prove our main theorems. More precisely, we will be done once we have proved the 
following. 

Theorem 5.1. Let the circle S 1 act on a compact connected symplectic manifold M with moment 
map <]? : M — > R so that is in the interior of $(M). Let M rec i := < I> _1 (0)/S' 1 denote the reduced 
space and let M re d denote the perturbed reduced space. There is a natural pairing preserving iso- 
morphism between the intersection cohomology of the symplectic quotient M re( i and the cohomology 
if the perturbed quotient M re< i. 

More precisely there exists an isomorphism ip : H*(M re( i) — ► IH*{M re ^r) of graded vector spaces 
such for any a £ H p {M re< i) and j3 E H q (M re( i) with p + q = dim M re d we have 

! aU(3= [ (V(a),^(/?)). 

JM red J 
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Instead of trying to construct the isomorphism between the intersection cohomology of the 
reduced space and the (ordinary) cohomology of the perturbed quotient directly, we will intro- 
duce a new complex A^M^) = A^(f : M re d — > M re d) and show that the cohomology of 
Ai T (M roc j — > M rec j) is naturally isomorphic to both H*(M ie( }) and JiZ^(M re d). 

Definition 5.2. Let / : I -> I be a resolution of a simple stratified space. Let X r be the 
top stratum of X, X r be its preimage f~ 1 (X r ), and let i : X r <— > X denote the inclusion. By 
construction, there are maps of complexes /* : /O^-(X) — > S7*(X r ) and v* : f2*(X) — > fi*(X r ). We 
define the complex of resolution forms 

(5.3) AUX) = AUf : X - X) := /* (^PQ) H ^* (si'(X) 

Note that /* and i* are both injective. Therefore we may think of a resolution form as an 
intersection form on X r which extends to a globally defined form on X . This gives us the inclusions 
of complexes A^(X) — > IQ^X) and A^X) — ► f2*(X), which induce maps in cohomology j : 
H*(A^(X)) -> IH^(X) and i : -» ff*(X). Note that the graded vector space 

H*{Ajn{X) has a pairing defined by taking the exterior product of the representatives of the classes 
and then integrating the product over X. Clearly the maps i and j are pairing preserving. Thus, 
to prove Theorem 5.1 it is enough to show that the maps i and j are isomorphisms. 

5.1. Local issues. We start with a simple calculation. 

Lemma 5.4. Let E — > N be an even dimensional orbifold vector bundle over an orbifold N , and 
let L denote the sphere bundle of E. Then the obvious blow-down map f : E — > c(L) is a resolution. 
If dim N < 7}E — 1 then the maps 

AUE) - Q'(E) 

and 

AUE) - m' m (c(L)) 

induce isomorphisms in cohomology. 

To prove the Lemma we will need the following technical observation. 

Lemma 5.5. Let L be an orbifold. Let a be a closed k form on the cylinder L x (0, oo) which 
vanishes on L x (0, a) for some a. Then a = d/3 for some k — 1 form (3 which also vanishes on 
L x (0,a). 

Proof. Consider first the case where L is a point and a = f{r)dr is a 1 form on (0, oo). Then 

p=r Q f{s)ds. 

In general, if L is not a point, the fc-form a has to be of the form /(r) A dr where f(r) is in 
n k -\L) for each r G (0, oo). Let (3 = g f{s) ds. □ 



Proof of Lemma \5.4 . Note first that the middle perversity of the vertex * of the cone c(L) is m(*) = 
| dimE — 1, since E is even dimensional. 

Recall that c(L) is a stratified space with two strata: the vertex * and the complement L x 
(0, oo) ~ E^N. We may choose the tubular neighborhood T to be any neighborhood of the vertex 
* of the form L X (0, a)/ ~ for some a. 

It follows from the definitions that 

'ni(E^N) forg<m(*) 
Ifi9_(c(L)) = < {a € n*CE \ N) | da| T = 0} for q = m(*) 

^ {a G Sl 9 ^ s JV) | a| T = and da| T = 0} for q > m(*) 
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Consequently 



Q q (E) 

{a € Qfl(E) | da\ T = 0} 

{a € Q q (E) | ol\t = and dcx\x 



0} 



for q < rft(*) 
for g = m(*) 
for q > m(*) 



The map A'L(E) -» JO^(c(L)) is induced by the restriction from ft*(£) to \ AT). 

It follows from Lemma |5.5| that for q < m(*) the map H q (A^ n; (E)) — > H q (E) is an isomorphism 
and that H q (A^(E)) = for q > m(*). Since H*(E) = H*(N) and since m(*) > dimiV by 
assumption, the map H q (A'^ T (E)) —>■ H q (E) is an isomorphism for all q. 

Similarly 



IHUc(L)) 



H q (E \ JV) for q < m(*) 
for q > m(*) 



Consider the Gysin sequence 

* H q - X {E) -» H q (E) -> # 9 (£ \ JV) -> H q - X+1 (E) -► • • • 

where A = dimP — dim JV. Since for g — A + 1 < — 1 (i.e., for g < A — 2) we have H q ~ x+1 (E) = = 
H q ~ x (E), the pull-back map H q (E) — > H q (E\N) is an isomorphism. In particular the pull-back is 
an isomorphism for for g < m(*) = I dim 75 — 1 = dim E—(-^ dim J57 — 1) — 2 < dim i£ — dim N — 2 = 
A -2. □ 



Proposition 5.6. Zei the circle S 1 act on a compact connected symplectic manifold M with mo- 
ment map : M — » R. Assume that is in i/ie interior of the image f»(M). Let M re d := $ _1 (0)/S 1 
denote the reduced space and let f : M re( 2 — ► M re( i denote its resolution by the perturbed quotient. 
There exists a coverU of M re & such that the natural inclusions A^ K (f~ 1 (U ai )n- • • n/ _1 (?7 Q , fe )) — > 

m*-{u ai n---u ak ) and A^if- 1 ^) n • • • n rHu^)) -» n^/- 1 ^) n • • • n r 1 ^)) m<foce 

isomorphisms in cohomology for all k-tuples {U ai , . . . , C^ Qfc } o/ elements oflA. 



Proof. We have seen in Proposition that M re ^ = M r r ed ]J where Yi are compact manifolds. 



Further, for each singular stratum Y there exists a tubular neighborhood T of Y", the fiber bundle 



c(L) -4TAy, and the map r : T — ► [0, 1) (c.f. Remark |2.2|) . Recall also that by Lemma [4.6| we 
may assume that f = P Xq c(L), that f~ l {f) = P and that / : P Xq E — » P Xq c(L) is 

induced by the obvious blow-down map J5 — > c(L). 

We take £/o = M re d \ Ur~ 1 ([0, 1/2]) = M re( j \ 2V Since each singular stratum Y is a compact 
manifold, it possesses a finite good cover {V^,}. Moreover we may assume that -K~ x {V a ) ~ c(L) x F a . 
We take U a := tt -1 ^) HTcT. This give us a cover U of M red . 

Note that by construction for a fc-tuple {U ai , ■ ■ ■ ,U ak } of elements of U we either have that 
U ai PI ■ ■ ■ n U ak does not intersect any singular stratum Y (in which case f~ l {U ai ) n • • • PI f~ 1 (U ak ) 
and U ai fl • • • fl f7 aji are diffeomorphic) or there is a unique stratum Y such that Y n U ai n • • • D C/ afc 7^ 

0. In the latter case U Ql n • • • n C/ Qfe ~ I? x c(L), f~ l {U ai ) n ••• D /"H^aJ ~ D x E and 
/ : f~ l {U ai ) n • • • n f~ x {U ak ) — > C/qu n • • • f7 ajfe is equivalent to the map hxid: E x D — > c(L) x £), 
where D is a disk in Y and /i : £7 — > c(L) is the resolution. 
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Given a disk D and a set X we have an inclusion i : X X x D, l(x) = (x,0). Clearly the 
diagram 

E — ±— ► E x D 



h 

c(L) 



hxid 

c(L) x D 



commutes. Since h : E — > c(L) and h x id : E x D ^ c(L) x D are resolutions, we have a 
commutative diagram of complexes 



(5.7) 



n*(E x D) 



AUE x D) 



mu°c(L)) ^— mu°c(L) x D) 



n*(r\u ai )n---nf- l (u ak )) 



^(r^ln-nr 1 ^)) 



m* m (u ai n • • • n u, 



Since the disk D is contractible, the horizontal maps induce isomorphisms in cohomology. Since 
the left vertical maps induced isomorphisms in cohomology by Lemma |5.4| , the right vertical maps 
induce isomorphisms as well. □ 



Proposition 5.8. Let the circle S 1 act on a compact connected symplectic manifold M with mo- 
ment map : M — > R. Assume that is in the interior of the image $(M). Let M rec [ := $ _1 (0)/5 1 
denote the reduced space and let f : M re( i — > M Te d denote its resolution by the perturbed quotient. 

The inclusions A^ n {M re( j) — > /$7ij(M re d) and A^ n {M re d) — > il*(M re ^) induce isomorphisms in 
cohomology. 

Proof. The proof is now a standard spectral sequence argument. 



Let = be the cover of M re( j constructed in the proof of Proposition |5.6| . We now construct 
a continuous partition of unity p a subordinate to the cover U with the properties that 

• the functions p a restrict to smooth functions on M r r ed , 

• the functions p a are constant along the fibers of ir : T — > Y for all the singular strata Y. 
These properties ensure that 

• {f* Pa} is a partition of unity on M re( i subordinate to the cover {/ _1 (f/ Q )} of M re( j, and that 

• for any intersection form 7 £ IO^-(M rec i) or resolution form 5 € ^4^, the products p a j and 
f*p a S are also in /r2i f (M re(: i) and ^4^-, respectively. 

We first consider the set Uq which is entirely contained in the smooth part M£ ed of the quotient. 
We choose po to be a smooth nonnegative function on M r r ed supported in Uq with p~Q = 1 in 
M Ied ^Urr\[0,3/4)). 

By construction a set J7 Q with [/ a n7 7^ is of the form 7r _1 (V^)nT where {V a } is a good cover of 
Y. We can choose a smooth partition of unity {r a } on Y subordinate to {V a } and also a nonnegative 
smooth function a on 

^ r r ed supported in f with cr identically 1 on the TnM r r cd = r -1 ([0, l/2])nM r r ed . 
Let /Oq, := o"(7r*r a |^/ rcd ); it extends to a continuous function on Af rc d. The functions p a := ^"pp 
form the desired partition of unity. 
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Next we define three double complexes whose i,j'th terms are given as follows for j > 0: 

AU(U) := ®AUr\u ao ) n • • • n r\u aj )) 

m% (w) : = ®mUu ao n • • • n u a s ), and 
n^(u) ■.= @£i\r l {u ao ) n • • • n r\u aj )), 

where the sums are taken over all j + 1-tuples {ao, . . . ctj}. For all three complexes the differentials 
are given by the de Rham and Cech differentials. 

First, in order to show that the cohomology of the double complexes are the intersection coho- 
mology of M re d, the cohomology of the complex A^-(M re d) and the cohomology of M re d respectively, 
we will consider the spectral sequences associated to the filtration by i. Since we constructed a nice 
partition of unity subordinate to the locally finite cover U, for any fixed i the Cech cohomology of 
the sheaf Ift^ is trivial for j > 0, and for j = consists of the global forms I^V m {M TCI j L ) . Thus, the 
spectral sequence converges at the E2 term. Moreover, E 1 ^ = for j > 0, and E^ = IH^M^) 
for all i. Thus, the cohomology of the double complex IOJ^(U) is the intersection cohomology 
/i/l_(M rc d). Virtually identical arguments show that the cohomology of the double complexes 
A^(U) and Q l ' J (U) are the cohomology of the complexes ^4^(M re d) and Q l (M re d), respectively. 

Next, in order to show that inclusions induce isomorphism from H* {A m {M Te( i)) to IH^-(M Te ^) 
and from H* (A m (M Te d)) to H*(M re d) respectively, we will consider the spectral sequences asso- 
ciated with the filtration by j. The double complex A^(U) := ©A^f' 1 ^^) n • • • n f~ x {U a .)) 
includes naturally into the double complex IVtyl{U) := Ql^}^(U ai n • • • n U a j). By Proposition |5^6| 
this inclusion induces an isomorphism on the E\ terms of these spectral sequences. This implies 
that the inclusion induces an isomorphism on every E\.. Hence, by the proceeding paragraph, inclu- 
sion induces an isomorphism from H* (Am(M re d)) to IiT^(M re( j). An essentially identical argument 
shows that the inclusion A^ n {M re ^) — > f2*(M re d) induces an isomorphism in cohomology. □ 



This completes the proof of Theorem |5.l| . By combining Theorem |5.l| with Proposition [4.11 
now obtain the main result of the paper: Theorem 1 and Theorem V . 



we 
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